We show that if a vector eld X has the C robustly barycenter property then it does not have singularities and it is Axiom A without cycles. Moreover, if a generic C -vector eld has the barycenter property then it does not have singularities and it is Axiom A without cycles. Moreover, we apply the results to the divergence free vector elds. It is an extension of the results of the barycenter property for generic di eomorphisms and volume preserving di eomorphisms [1] .
Introduction
Let M be a closed n(≥ )-dimensional smooth Riemannian manifold, and let d be the distance on M induced from a Riemannian metric ⋅ on the tangent bundle TM, and denote by X (M) the set of C -vector elds on M endowed with the C -topology. Then every X ∈ X (M) generates a C -ow X t ∶ M ×R → M; that is a C -map such that X t ∶ M → M is a di eomorphism satisfying X (x) = x and X t+s (x) = X t (X s (x)) for all t, s ∈ R and x ∈ M. Let X t be the ow of X ∈ X (M), and let Λ be a X t -invariant compact set. The set Λ is called hyperbolic for X t if there are constants C > , λ > and a splitting T x M = E for t > and x ∈ Λ, where ⟨X(x)⟩ is the subspace generated by X(x). If Λ = M, then we say that X is Anosov. We say that p ∈ M is a periodic point if it is not a singularity and there exists T > such that X T (p) = p. Then the smallest positive T is the period of p and is denoted by π(p). The orbit of a periodic point is called a periodic orbit. Denote the set of periodic orbits by P(X). Then the set of critical orbits of X is de ned as the set of critical orbits of X is the set Crit(X) = Sing(X) ∪ P(X), where Sing(X) is the set of singularities of X. We say that X is transitive if there is a point x ∈ M such that ω(x) = M, where ω(x) is the omega limit set of x. Remark 1.1. In the study of smooth dynamics, there are many results about the di eomorphisms which also hold for vector elds without singularity but do not hold for vector elds with singularities (see [2] [3] [4] [5] [6] ). For example, if a di eomorphism is a star di eomorphism then it is Ω-stable (see [2, 4] ). However, we know that Lorenz attractor is a star ow, but its non-wandering set is not hyperbolic (see [7] ).
Note that if a vector eld X satis es a star vector eld and Sing(X) = ∅ then it satis es both Axiom A and the no-cycle condition (see [3] ). Recently, many authors have used the dynamical properties to control of singularities of vector elds (see [6, 8, 9] ).
The stability theory is a main topic in di erentiable dynamical systems. For instance, Mañé [10] proved that if a di eomorphism f on a compact smooth manifold M with dim M = is robustly transitive then it is Anosov. For vector elds, Doering [11] proved that if a vector eld X on a compact smooth manifold M with dim M = is robustly transitive then it is Anosov. For the types of the pseudo orbit tracing properties (shadowing property, speci cation property, limit shadowing property, . . . ), there are close relations between these properties and structural stability hyperbolicity. Lee and Sakai [5] proved that if a vector eld without singularities has the C robustly shadowing property then it is structurally stable. Arbieto et al. [8] proved that if a vector eld X has the C robustly speci cation property then it is Anosov. Lee [6] proved that if a vector eld X has the C robustly limit shadowing property then it is Anosov.
For a compact invariant set Λ of a di eomorphism f , we say that the set Λ is robustly transitive if there are a C neighborhood U(f ) of f and a neighborhood U of Λ such that for any g ∈ U(f ),
is transitive for g, where Λ g (U) is the continuation of Λ. Firstly, Abdenur et al. [12] introduced the barycenter property and later, Tian and Sun [13] introduced a new type of the barycenter property. For any two periodic points p, q ∈ P(f ), we say that p, q have the barycenter property if for any > there exists an integer
We say that f has the barycenter property(or, M satis es the barycenter property) if the barycenter property holds for any two periodic points p, q ∈ P(f ). The barycenter property is not equal to the speci cation property, and the shadowing property (see [1, Remark 1.1]). In this paper, we use the de nition of Tian and Sun [13] . Tian and Sun [13] proved that if a robustly transitive di eomorphism f on a compact smooth manifold has the barycenter property then it is hyperbolic. Very recently, Lee [1] proved that if a di eomorphism f has the C robustly barycenter property then it is Axiom A without cycles. Using the barycenter property for vector elds, we sutdy a stability theory (Ω-stable) which is a very valuable subject by Remark 1.1. Now we introduce the barycenter property for vector elds. For any critical orbits γ and η, we say that p ∈ γ, q ∈ η have the barycenter property if for any > , there is T = T( , p, q) > such that for any τ > there is z ∈ M such that
A vector eld X has the barycenter property if the barycenter property holds for any critical orbits γ and η. We say that X ∈ X(M) has the C robustly barycenter property if there is a C -neighborhood U(X) of X such that for any Y ∈ U(X), Y has the barycenter property. Then we have the following: [8] proved that C generically, if a vector eld X has the speci cation property then it is Anosov. Ribeiro [14] proved that C generically, if a transitive vector eld has the shadowing property then it is Anosov and if a vector eld has the limit shadowing property then it is Anosov. For that, we have the following which is a result of the paper. 
Proof of Theorem A
Let M be as before, and let X ∈ X (M). For p ∈ γ ∈ P(X), the strong stable manifold W ss (p) of p and stable manifold W s (γ) of γ are de ned as follows: 
By the stable manifold theorem, there is = (p) > such that
Analogously we can de ne the strong unstable manifold, unstable manifold, local strong unstable manifold and local unstable manifold. Denote by index
If σ is a hyperbolic singularity of X then there exists an = (σ) > such that
Analogous de nitions hold for unstable manifolds.
Lemma 2.1. Let γ and η be hyperbolic critical points of X. If a vector eld X has the barycenter property then
Proof. First, we consider periodic orbits. Take p ∈ γ and q ∈ η such that p and q are hyperbolic. Denote by (p) the size of the local strong unstable manifold of p and by (q) the size of the local strong unstable manifold of q. Let = min{ (p), (q)} and let T = T( , p, q) be given by the barycenter property. For t > , there is
This means that x ∈ W uu (p) and
Finally, we consider singular points. Let σ and τ be hyperbolic singular points of X. As in the rst case,
A singularity σ is a sink if all eigenvalues of D σ X have a negative real part. A periodic point p is a sink if the eigenvalues of the derivative of the Poincaré map associated to p have absolute value less than one. A source is a sink for the vector eld −X.
Lemma 2.2. If a vector eld X has the barycenter property then X dose not contains a sink and a source.
Proof. Suppose, by contradiction, that there are p ∈ Crit(X) and q ∈ Crit(X) such that p is a sink and q is a saddle. Since X has the barycenter property, by Lemma 2.1,
This is a contradiction. If p is source then it is similar to the previous proof. Thus if X has the barycenter property then X has neither sinks nor sources.
We say that X ∈ X (M) is Kupka-Smale if every σ ∈ Crit(X) is hyperbolic and their stable and unstable manifolds intersect transversally. Denote by KS the set of all Kupka-Smale vector elds. It is well-known that the set of Kupka-Smale vector elds is residual in X (M) (see [15] ).
Let σ ∈ Crit(X) be hyperbolic. Then there exist a C -neighborhood U(X) of X and a neighborhood U of σ such that for any Y ∈ U(X), there is σ Y such that σ Y is the continuation of σ and index(σ) = index(σ Y ) (see [16] ). Proof. Let σ and τ be hyperbolic singular points, and let U(X) be a C -neighborhood of X. Then there is Y ∈ U (X) ⊂ U(X) such that σ Y and τ Y are the continuations of σ and τ , respectively. Since X has the barycenter property, by Lemma 2.2, X has neither sinks nor sources. Thus we may assume that σ has index i and τ has index j with i = j.
Since X has the C robustly barycenter property, this is a contradiction by Lemma 2.
Since X has C robustly the barycenter property, this is a contradiction by Lemma 2.1.
The following was proved by [17, Lemma 1.1] which is Franks' lemma for singular points.
Lemma 2.5. Let X ∈ X (M) and σ ∈ Sing(X). Then for any C neighborhood U(X) of X there are δ > and 
(see [17] ). 
σ Y (r)) − {σ y } such that τ is su ciently close to σ Y and τ is not a hyperbolic singularity for Y . We assume that index(σ Y ) = index(τ ) = j. Then we can make a hyperbolic singular point which index is di erent from index(σ Y ) = index(τ ) = j. By Lemma 2.5, take
Then there is the singular point σ Z such that σ Z is hyperbolic and index(σ Z ) = j + . Since Z(x) = Y(x) for all x ∈ B α (σ Y ), τ is a non-hyperbolic singular point for Z which index is j. Using Lemma 2.5, there are W C close to Z(W ∈ U (X)) and a linear map
Then τ is hyperbolic singularity for W which index is j. Thus the vector led W has two hyperbolic singular points σ Z with index(σ Z ) = j + and τ with index(τ ) = j.
Proposition 2.7. If a vector eld X ∈ X (M) has the C robustly barycenter property then every singular points is hyperbolic.
Proof. Suppose, by contradiction, that there is a σ ∈ Sig(X) such that σ is not hyperbolic. By lemma 2.6, there is Y C close to X such that Y has two hyperbolic singular points σ Y and τ with di erent indices which is a contradiction by Lemma 2.4. Thus if a vector led X has the C robustly barycenter property then every singular points are hyperbolic Proof. Let γ and η be hyperbolic closed orbits, and let U(X) be a C neighborhood of X. Then there is Y ∈ U (X) ⊂ U(X) such that γ Y and η Y are the continuations of γ and η, respectively.
Suppose that γ has index i and η has index j with i = j.
Since X has the C robustly barycenter property, this is a contradiction by Lemma 2.1. Other case is similar.
The following was proved by [8, Theorem 4.3] . They used the C robustly speci cation property. But, the result can be obtained similarly without any properties.
Lemma 2.9. Let U(X) be a C neighborhood of X and let γ be a periodic orbit of X. If a periodic point p ∈ γ is not hyperbolic then there is Y ∈ U(X) such that Y has two hyperbolic periodic orbits with di erent indices.

Proposition 2.10. Let U(X) be a C neighborhood of X. Suppose that X has the C robustly barycenter property. Then for any Y ∈ U(X), every periodic orbits of Y is hyperbolic.
Proof. Let U(X) be a C neighborhood of X. To derive a contradiction, we may assume that there is Y ∈ U(X) such that Y has not hyperbolic periodic orbits. By Lemma 2.9, Y has two hyperbolic periodic orbits with di erent indices. Since X has the C robustly barycenter property, this is a contradiction by Lemma 2.8.
Theorem 2.11. If a vector eld X has the C robustly barycenter property then Sing(X) = ∅.
Proof. Let U(X) be a C neighborhood of X. Suppose that Sing(X) = ∅. Then there are a hyperbolic σ ∈ Sing(X) with index i and a hyperbolic periodic orbit γ with index j. Then there is a C neighborhood U (X) ⊂ U(X) of X such that for any Y ∈ U (X), there are the continuations σ Y and γ Y of σ and γ, respectively. Thus we know that dim
This is a contradiction by Lemma 2.1.
As in the case j < i, we can take a vector eld Y ∈ KS ∩U (X)
This is a contradiction.
Thus if a vector eld X has the C robustly barycenter property then X has no singularities.
Proof of Theorem A. Suppose that X has the C robustly barycenter property. Then by Theorem 2.11, Sing(X) = ∅. By Lemma 2.8 and Proposition 2.10, every periodic orbit of X is hyperbolic. Then by Gan and Wen [3] , X satis es Axiom A without cycles.
If a vector eld X is transitive, then it is clear that Ω(X) = M. Thus if a nonsingular vector eld satis es Axiom A then it is Anosov. Then we have the following:
Corollary 2.12. If a transitive vector eld X has the C robustly barycenter property then X is Anosov.
Proof of Theorem B
In this section, we are going to prove that C generically, if a vector eld has the barycenter property, then we show that the vector eld satis es Axiom A and does not contain singularities.
Theorem 3.1. There is a residual set G ⊂ X (M) such that for any X ∈ G , if a vector eld X has the barycenter property then Sing(X) = ∅.
Proof. Let X ∈ G = KS have the barycenter property. Suppose, by contradiction, that Sing(x) = ∅. Then as in the proof of Theorem 2.11, there exist a hyperbolic σ ∈ Sing(X) with index i and a hyperbolic periodic orbit γ with index j.
which is a contradiction by Lemma 2.
By the previous argument, we get a contradiction.
Lemma 3.2.
There is a residual set G ⊂ X (M) such that for any X ∈ G , if a vector eld X has the barycenter property then for any hyperbolic periodic orbits γ and η,
Proof. Let X ∈ G = KS have the barycenter property, and let γ be a hyperbolic periodic orbit with index i and η be a hyperbolic periodic orbit with index j.
Since X ∈ KS, by Lemma 2.3, we have W u (γ) ∩ W s (η) = ∅. This is a contradiction by Lemma 2.
Then the previous argument, we get a contradiction. We say that a point p in a hyperbolic periodic orbit of X has a δ-weak hyperbolic eigenvalue if there is a characteristic multiplier λ of the orbit of p such that
Proposition 3.4.
There is a residual set G ⊂ X (M) such that for any X ∈ G , if a vector eld X has the barycenter property then there is δ > such that X has no δ-weak hyperbolic eigenvalue.
Proof. Let X ∈ G = G ∩ G have the barycenter property. To derive a contradiction, we may assume that for any δ > there is a periodic orbit γ of X such that γ has a δ-weak hyperbolic eigenvalue. Then there is Y C close to X such that Y has a non hyperbolic periodic orbit η. By Lemma 2.9, there is Z C close to Y(C close to X) such that Z has two distinct hyperbolic periodic orbits with di erent indices. By Lemma 3.3, X has two distinct hyperbolic periodic orbits with di erent indices. This is a contradiction by Lemma 3.2.
Lemma 3.5 ([8, Lemma 5.3]).
There is a residual set G ⊂ X (M) such that for any X ∈ G , if for any δ > and for any C -neighborhood U(X) of X there is Y ∈ U(X) such that Y has a hyperbolic periodic orbit γ which has a δ-weak hyperbolic eigenvalue then X has a hyperbolic periodic orbit η which has a δ-weak hyperbolic eigenvalue.
Proof of Theorem B. Let X ∈ G ∩ G . Suppose that X has the barycenter property. By Lemma 3.1, Sing(X) = ∅. By the result of Gan and Wen [3] , we show that every periodic orbits of X is hyperbolic. Assume that there is a periodic orbit γ of X such that for any δ > , γ has a δ -weak hyperbolic eigenvalue. Since X ∈ G , X has a hyperbolic periodic orbit η which has a δ-weak hyperbolic eigenvalue. Since X has the barycenter property, X has no δ-weak hyperbolic eigenvalue. This is a contradiction by Proposition 3.4. Since Sing(X) = ∅ and every periodic orbits of X is hyperbolic, by Gan and Wen [3] , X is Axiom A without cycle. t= . We say that X is divergence-free if its divergence is equal to zero. Note that, by Liouville formula, a ow X t is volume preserving if and only if the corresponding vector eld, X, is divergence free. Let X µ (M) denote the space of C r divergence free vector elds and we consider the usual C Whitney topology on this space. A vector eld X ∈ X µ (M) is a divergence-free star vector eld if there exists a C neighborhood U(X) of X in X ∈ X µ (M) such that if Y ∈ U(X) then every point in P(X) ∪ Sing(X) is hyperbolic.
Theorem 3.7.
If a divergence-free vector eld X ∈ X µ (M) has the C robustly barycenter property then Sing(X) = ∅ and X is Anosov.
Proof. By Ferreira [18, Theorem 1] , if a divergence free vector eld X ∈ X µ (M) satis es star vector elds then Sing(X) = ∅ and it is Anosov. To prove Theorem 3.7 we show that a divergence free vector eld X satis es a star condition. It is almost similar to prove of Theorem A. Thus as in the proof of Theorem A, if a divergence free vector eld X has the C robustly barycenter property then X is Axiom A without cycles, that is, X satis es a star condition. This is a proof of Theorem 3.7.
Bessa et al [19] proved that C generically, if a divergence free vector eld X has the shadowing property(expansive, speci cation property) then it is Anosov. From the results, we are going to prove C generic divergence free vector elds when it has the barycenter property. Proof. By Ferreira [18, Theorem 1] , if a divergence-free vector eld X ∈ X µ (M) satis es star vector elds then Sing(X) = ∅ and it is Anosov. By Bessa [20] , C generically, a divergence free vector eld X ∈ X µ (M) is transitive. Therefore, we show that C generically, if a divergence-free vector eld X has the barycenter property then X satis es star vector elds. Thus as in the proof of Theorem B, C generically, if a divergence free vector eld X ∈ X µ (M) has the barycenter property then it satis es a star vector eld, and so, Sing(X) = ∅ and it is Anosov.
